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Trading Prophets: How to Trade Multiple Stocks Optimally
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Abstract

In the (single stock) trading prophet problem formulated by |Correa et al.| [2023|, an online algorithm
observes a sequence of prices of a stock. At each step, the algorithm can either buy the stock by paying the
current price if it doesn’t already hold the stock, or it can sell the currently-held stock and collect the current
price as a reward. The goal of the algorithm is to maximize its overall profit. |Correa et al.| [2023] showed
an optimal competitive ratio of 1/2 for this problem when the stock prices are identically and independently
distributed.

In this work, we generalize the model and the results of [Correa et al|[2023] by allowing the algorithm
to trade multiple stocks. First, we formulate the (k, ¢, £')-TRADING PROPHET PROBLEM, wherein there are k
stocks in the market, and the online algorithm can hold up to ¢ stocks at any time, where £ < k. The online
algorithm competes against an offline algorithm that can hold at most ¢ < £ stocks at any time. Under the
assumption that prices of different stocks are independent, we show that, for any £, £/, and k, the optimum
competitive ratio of the (k, £, ¢')-TRADING PROPHET PROBLEM is min {3, £}.

We further introduce the more general M-TRADING PROPHET PROBLEM over a matroid M on the set of
k stocks, wherein the stock prices at any given time are possibly correlated (but are independent across time).
The algorithm is allowed to hold only an independent subset of stocks at any time. We prove a tight bound of

ﬁ on the competitive ratio of the M-TRADING PROPHET PROBLEM, where d is the density of the matroid.
Our analysis of both problems is based on two key insights. First, any algorithm can be simulated by one
that, on each time step, sells all its currently-held stocks before buying a suitable subset of stocks. Second, we
prove that the general problem reduces to a restriction where the expected price of every stock is zero. These
technical insights facilitate a simple analysis to establish tight competitive bounds on a substantially broader

class of trading prophet problems than the single stock version by |Correa et al.| [2023].

1 Introduction

Consider a trader named Alex, who wants to invest her capital in the stock market and maximize her returns. In
the stock market, prices of stocks fluctuate due to various factors including market demand, company performance,
and economic indicators. Alex monitors these price shifts in real time, with the price of each stock being available
as a sequence over time in an online manner. Alex would have loved to know the future behavior of stock prices,
so that she could trade optimally and maximize her profit. However, the online setting, which mirrors real-world
trading conditions, presents a challenge. Alex can’t see the future prices, so she is not necessarily able to trade
optimally. The framework of online computation and competitive analysis [Sleator and Tarjan) [1985] captures
Alex’s dilemma: Given the current prices and without knowing their future behavior, how should Alex decide
which stocks to trade at every time step? Alex must run an online algorithm — one whose current output depends
only on the current and the past inputs. Informally, such an algorithm is said to be a-competitive if it guarantees
an expected payoff at least a times the optimal payoff.

If Alex is completely uninformed about future outcomes, it is impossible for any algorithm to give her a
non-trivial competitive guarantee. Indeed, if the input is adversarial, every stock Alex buys crashes, and every
stock she doesn’t buy soars. Thankfully for Alex, such adversarial behavior of prices does not arise in practice.
In fact, she knows in advance the probability distributions of future stock prices. This setting is referred to in
the literature as the prophet inequality setting |Krengel and Sucheston) (1978 [Hill and Kertz, 1982]E|
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'n the classic single-choice prophet inequality problem [Hajiaghayi et al. 2007} Lucier} [2017, |[Esfandiari et al. 2017} |Correa et al.|
2019, |[Peng and Tang} [2022|, an online algorithm observes a sequence of random variables with known distributions. The value of a
random variable is realized upon its arrival, and the algorithm should either accept it (in which case the process stops) or reject it (in
which case the next variable is observed). The goal is to maximize the selected value while competing against an offline adversary,
also referred to as the prophet, that observes all realizations at once and chooses the maximum out of them. This problem has also
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The recent work of |Correa et al.| [2023] considered the simplest case of trading one stock and introduced the
Trading Prophet problem. In this problem, an online algorithm is given a sequence of n prices, each sampled
independently from the same probability distribution that is known to the algorithm. The algorithm trades a
single (indivisible) stock and is limited to holding at most one unit of stock at any given time. At each time step,
the algorithm must decide whether to purchase the stock at the current price (provided it does not hold the stock
already) or to sell the stock at the current price (provided it already holds the stock). Correa et al. proved that
the strategy of buying when the price falls below the medianﬂ and selling otherwise is 1/2-competitive. Moreover,
they also proved that no online strategy can achieve a competitive ratio strictly better than /2. Their analysis
extends to the scenario where the algorithm can trade multiple units of a single stock.

Our Contributions. While the single stock problem is instructive, it may not be representative of real-world
trading scenarios. It is more natural to imagine that an investor trades more than one stock at any given time.
Motivated by this, in this paper, we generalize the Trading Prophet model to accommodate the idea of holding
multiple stocks. We believe this model better reflects the real-world trading dynamics.

Generalizing the Trading Prophet problem. We introduce the (k,¢)-TRADING PROPHET PROBLEM in
which we are given k different stocks and the algorithm can hold up to £ stocks (and at most one unit of any
given stock; this is without loss of generality) at any time. The price of every stock at any time step is drawn
independently from a known distribution. Note that the distributions of prices of the k stocks can be different.
For any given time step, the prices of stocks need not be independently distributed. However, we continue with
the assumption of |Correa et al.| [2023] that across time steps these prices are independent. At every time step, an
algorithm must decide which subset of its currently owned stocks to sell, and which subset of stocks not currently
owned to buy, subject to the constraint that the algorithm holds at most £ stocks at any given time. We establish
tight bounds on the competitive ratio of the (k,¢)-TRADING PROPHET PROBLEM. Specifically, we prove,

THEOREM 1.1. For every k and £, there exists an online algorithm for the (k,{)-TRADING PROPHET PROBLEM
that achieves a competitive ratio of min {%, % when the stock prices at any given time are independent. Moreover,
no algorithm can achieve a strictly better competitive ratio.

Extension to resource augmentation setting. Our result in Theorem extends to the resource
augmentation setting [Roughgarden| [2020]. In this setting, the online algorithm competes with the offline
algorithm having fewer resources than the online algorithm. Specifically, the offline algorithm is restricted to
hold up to ¢ stocks at any time, where 1 < ¢/ < . We call this generalization the (k, ¢, ¢')-TRADING PROPHET
PROBLEM. Even in this setting, we prove that the tight bound from Theorem [I.I] continues to hold, making it a
special case of the following two theorems for ¢ = £.

THEOREM 1.2. For every k, £ and ¢, no algorithm for (k,¢,¢')-TRADING PROPHET PROBLEM can achicve a
competitive ratio greater than min {%,% when the stock prices at any given time are independent.
THEOREM 1.3. For every k, £, and ¢', there exists an algorithm that is min {%, %}—competitz’ve algorithm for the

(k,£,0')-TRADING PROPHET PROBLEM when the stock prices at any given time are independent.

One might intuitively expect that the competitive ratio will improve if the adversary’s power is reduced by
lowering ¢'. Somewhat surprisingly, the optimal competitive ratio established by Theorems and does not
depend on ¢'. Our instance to force the hardness result is designed so that, with high probability, at most one
stock is profitable at any given time. The offline algorithm can easily spot such a stock and buy it (even when
¢ = 1), while the online algorithm is unlikely to guess it correctly, even though the possibility of holding up to
{ stocks essentially gives the algorithm ¢ opportunities to guess the right stock. Another interesting takeaway is
that for any fixed k, as long as the online algorithm can hold at least 50% of all stocks (i.e., £ > k/2), increasing
the number of stocks held does not affect the competitive ratio. We believe that these insights are not obvious a
priori.

been studied under feasibility constraints beyond single choice; see, for example, |Alaei, 2014} Kleinberg and Weinberg] [2019, |[Ehsani
et al., 2018|.
2The median of the distribution of a random variable X is a number u such that Pr[X < p] < 1/2 and Pr[X > pu] < 1/2.
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Generalization to correlated prices. For the (k,¢)-TRADING PROPHET PROBLEM, we assumed that the
prices are independent across time and independent across stocks in Theorem We generalize this model to
deal with correlated stock prices to better relate with real-world trading scenarios. We solve for the setting where
the stock prices are possibly correlated across stocks for any given time step, but independent across time. For
this correlated setting of the (k, £)-TRADING PROPHET PROBLEM, we prove the tight bound of Hik (Corollary
and Corollary as an easy consequence of Theorems and stated below.

Generalization to matroid settings. The constraint of holding up to ¢ stocks at any given time is not
sufficient to capture traders’ requirement to keep their portfolios sufficiently diversified. For instance, suppose
the stocks are categorized into different types. To maintain diversity, a trader wants to hold at most ¢; stocks
of the i’th type in addition to holding at most ¢ stocks, at all times. Such requirements are readily captured by
combinatorial structures called matroids (refer Definition . Motivated by this, we consider the substantial
generalization of the trading prophet problem to matroid constraints. We introduce the M-TRADING PROPHET
PROBLEM, over the matroid M on the set of stocks. Here, the trader is allowed to hold a subset of stocks provided
that the subset is an independent set of M. We establish that the competitive ratio of the trading prophet problem
on a matroid is determined by a property of the matroid called its density. Specifically, we prove,

THEOREM 1.4. Let M be an arbitrary matroid and d be the density of M. Then there does not exist an algorithm
for M-TRADING PROPHET PROBLEM whose competitive ratio is greater than ﬁld.

THEOREM 1.5. Let M be an arbitrary matroid and d be the density of M. Then there exists an algorithm for
the M-TRADING PROPHET PROBLEM whose competitive ratio is ﬁld.

Insights and techniques. We make the following crucial observations which help us get a much simpler
analysis of|Correa et al.[[2023]’s result and provide a convenient way to analyze all our generalizations. The decision
of opting to not sell a previously held stock at a given time step equates to selling the stock and repurchasing it at
the same price and at the same time step, leaving the net profit unchanged. This simple yet crucial observation
enables us to express the net profit of the algorithm over n time steps as the sum of (n—1) i.i.d. random variables.
This reduces our analysis to relating the expected per-time-step profit of the online and offline algorithms. It also
enables us to identify the expected-profit-maximizing online algorithm (see Algorithm . Another important
insight of our analysis is that in order to establish competitive guarantees, it suffices to consider instances where
the expected value of each stock’s price is zero, further simplifying our analysis.

2 Preliminaries

For any positive integer n, let [n] denote the set {1,2,...,n}.

DEFINITION 2.1. (MATROID) A matroicﬁ M is a pair (E,T), where E is a finite set, called the ground set,
and T is a family of subsets of E, called the set of independent sets, with the following properties:

e The empty set is independent, i.e., ) € .
o FEvery subset of an independent set is independent, i.e., T is downward-closed.

o If I and J are independent sets and |I| > |J|, there exists an element e € I\ J such that J U {e} is
independent.

We say a matroid M is

e loopless if every singleton subset of E is independent, i.e., for every e € E, {e} € I (an element e is called

a loop if {e} ¢ T).

o the r-uniform matroid over E if for every set A C E, A is independent if and only if |A] < r.

DEFINITION 2.2. (RANK, RANK FUNCTION, SPAN, DENSITY) The rank of a matroid is the size of the largest
independent set in the matroid. The rank function of a matroid M is a function vk : 2F — N that maps each

3For a comprehensive discussion on matroids, we refer the reader to [Oxleyl [1992].
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subset S C FE to the maximum size of an independent subset of S. An element e is said to be spanned by a set
S C E in a matroid M if the rank of S is equal to the rank of S U {e}.
The density d of a loopless matroid M is defined as the mazimum value of the ratio |X|/ru(x) over all
non-empty subsets X of the ground set E [Soto, |2015)]. Formally,
RY
d =
0ExCE (X))

OBSERVATION 2.1. The density of the r-uniform matroid on a set of n elements (where r < n) is n/r.

The maximum weight independent set problem over a matroid M = (E,Z) is defined as follows:
Given a weight function w : E — R, find an independent set I € Z that maximizes the total weight. A simple
greedy idea to solve the maximum weight independent set problem, known as Kruskal’s algorithm, is given by
Algorithm The following is a folklore result.

FacT 2.1. The Kruskal’s algorithm stated in Algorithm [2.1] returns the mazimum weight independent set over a
matroid constraint.

ALGORITHM 2.1. KRUSKAL’'S ALGORITHM

Input: A matroid M = (F,Z), and a weight function w: £ — R.
Output: The set I € 7 that maximizes w(I) =) ., w(e).
Sort the elements of E in non-increasing order of weights and call them ey, ..., e,.
Initialize H < (.
for i =1 ton do
if w(e;) <0 then
{This implies w(e;+1),...,w(ey) are all negative.}
break
end if
if HU{e;} €T then
{Equivalently, if e; is not spanned by {e1,...,e;—1}.}
end if
end for
return H

M-Trading Prophet Problem. An instance of the M-TRADING PROPHET PROBLEM is specified by a
matroid M on the ground set {1,...,k} for some k € N, the joint distribution D of k real-valued random variables,
and a positive integer n. The integer n represents the length of the time horizon. The random variable X*, taking
values from R¥, denotes the vector of stock prices at time ¢ € [n]. The stock prices for different time stamps are
independent but the components {X! | s € [k]} of each X* are not necessarily independent. Additionally, if the
components of each X* are independent too, then we call that instance independently distributed. At each step
t € [n], the vector X* of prices of all stocks is announced. The random variable, X!, denotes the stock price s at
time step t. In response, the algorithm should decide the following at each step:

e which subset of previously held stocks should be sold, and

e which subset of stocks not currently held should be bought,

subject to the constraint that the set of stocks held by the algorithm is an independent set of M at all times.
The algorithm starts with an empty set of stocks and at the end of the time horizon (i.e., after n time steps),
the algorithm sells all the held stocks. Thus, the profit earned by the algorithm at any time ¢ equals the amount
received due to the sale of stocks minus the amount paid to buy stocks, and the overall profit is the sum of profits
across all time steps t € [n]. Our goal is to maximize the expected overall profit. Since an algorithm can never
buy a stock which is a loop of the matroid, we assume that M is a loopless matroid.

To simplify our presentation, we work with an equivalent setup where, in every time step, the algorithm sells
all currently-held stocks and then buys a subset of stocks S such that S is an independent set in M — not selling
a stock generates the same profit as selling the stock at time step ¢ and then buying the same stock at the same
price at time step t.
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(k,¢)-Trading Prophet Problem. This is the restriction of M-TRADING PROPHET PROBLEM where M
is the Z-uniform matroid over a ground set of size k.

(k,¢,0")-Trading Prophet Problem. This is the (k,¢)-TRADING PROPHET PROBLEM extended to the
resource augmentation setting. In this problem, just as in the (k, ¢)-TRADING PROPHET PROBLEM, we are given
a joint distribution for k& € N stocks, integers £,¢' € N, and a positive integer n. An online algorithm for the
(k,¢,¢')-TRADING PROPHET PROBLEM is allowed to hold at most £ stocks and its goal, as before, is to maximize
its profit across n time steps. The online algorithm competes against an offline algorithm that is allowed to hold
at most ¢/ < ¢ stocks. Thus, when ¢ = ¢, the (k, ¢, ¢')-TRADING PROPHET PROBLEM becomes the (k, £)-TRADING
PROPHET PROBLEM.

An online algorithm must decide which subset of stocks to buy and sell at each time step based only on the
history and the current prices of stocks. On the other hand, an offline algorithm has access to all the realizations of
stock prices. In general, an online algorithm will fail to obtain as much profit as the offline optimal algorithm due
to its inability to see the future trend of stock prices. We use the framework of competitive analysis [Sleator and
Tarjan, [1985] to quantify the performance of an online algorithm relative to that of the optimal offline algorithm.
The competitive ratio of an online algorithm is defined as follows.

Competitive ratio. An online algorithm is a-competitive if, on every instance, the expected profit of the
online algorithm is at least « times the expected profit of the optimal offline algorithm.

Notation. We frequently refer to the following notation in our analysis:

e top,,(w) denotes the weight of the maximum weight independent set of the matroid M = (E,Z) with
respect to the weight function w : E — R, and top,(w) is top  (w) when M is the (-uniform matroid.
Therefore, top,(w) is equal to be the sum of the ¢ largest numbers out of wy, ..., wy if at least £ of them
are positive, and the sum of all positive numbers in w1, ..., w; if fewer than ¢ of them are positive.

e We assume that the probability distribution D over R¥ has a well-defined expectation. u = (p1, ..., 1)
denotes the expectation of the probability distribution D.

e The ordered pair (X', X) denotes two samples drawn from D independently. X’ and X are only used in the
analysis.

e The expression (z)" denotes max(0, x).

LEMMA 2.1. (OPTIMAL OFFLINE PROFIT) For every instance of the M-TRADING PROPHET PROBLEM, the
expected overall profit of the optimal offline algorithm is

(n— 1)E[top,, (X' — X)].

Proof. Recall the equivalent setup where at time step ¢, the algorithm sells all currently-held stocks and then
buys a set of stocks. Suppose we buy a subset S of stocks at time ¢ and sell it at time ¢ + 1, then our net
profit will be > . S(X;”rl — X!). Therefore, at every time ¢, the optimal algorithm buys the maximum weight
independent subset of stocks with respect to the weight function X**! — X*. Thus, the resulting profit of the
algorithm at time ¢ is top,, (X' — X*). Since the random variables X*** and X" are two independent samples
drawn from the distribution D, the distribution of (X**1 X*) is same as (X', X). Therefore, the expected profit
is E [top, (X’ — X)]. Summing over time steps ¢ € [n — 1], we get the result. d

LEMMA 2.2. (OPTIMAL ONLINE PROFIT) For every instance of the M-TRADING PROPHET PROBLEM, the
expected overall profit of the optimal online algorithm is

(n— 1)E [soppq (1 — X))
Furthermore, this profit is attained by Algorithm[2.3

Proof. Consider the execution of an arbitrary online algorithm at timestamp ¢, after selling all the previously held
stocks. If the algorithm buys stock s (for the price X!), the expected price at which it will get sold at time ¢ + 1
is E[XIH1] = pg, because X! and X!*! are independent. Thus, conditional on the current price X!, the expected
profit gained from stock s is us — X! if stock s is bought (and zero otherwise). Thus, the best strategy for the
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online algorithm finds the maximum weight independent subset of stocks with respect to the weight function
(1 — X?). Therefore, conditioned on the current prices of the stocks X!, the expected profit of the algorithm
resulting from buying stocks in the current time step and selling them in the next one is given by top ,, (1 — X?).
Since X is identically distributed as X, the unconditional expected profit of the algorithm resulting from buying
stocks in any time step and selling them in the next one is given by E[top (¢ — X)]. Summing over time steps
t € [n — 1], we get the result. The complete optimal online algorithm is given by Algorithm 0

ALGORITHM 2.2. OPTIMAL ONLINE ALGORITHM FOR MATROID TRADING PROPHET
Input: Matroid M = (E,T), where E = [k], joint distribution D, and n.
for t=1ton do
Observe the prices X{, X% ..., X} (drawn from the joint distribution D).
Sell all currently held stocks at the observed prices.
H <+ maximum weight independent set of M with respect to the weight function p — X* (compute H using

Algorithm .

Buy all stocks in H.
end for

As a consequence of Lemma [2.1 and Lemma the task of proving bounds on competitive ratio reduces to
proving bounds on the ratio of E [top,, (1 — X)] to E[top,, (X' — X)]. Here, the quantities E [top, (1 — X)]
and E[top,, (X' — X)] as the per-time-step expected profit of the optimal online algorithm and the optimal
offline algorithm respectively. Similarly, for the (k, ¢, ¢')-TRADING PROPHET PROBLEM, we have,

COROLLARY 2.1. (TO LEMMA [2.1|) For every instance of (k,¢,¢')-TRADING PROPHET PROBLEM, the expected
overall profit of the optimal offline algorithm is

(n — DE [top,, (X' — X)].

COROLLARY 2.2. (TO LEMMA [2.2|) For every instance of (k,{,¢')-TRADING PROPHET PROBLEM, the ezpected
overall profit of the optimal online algorithm is

(n — 1)E [top, (1 — X)].

3 Hardness Results

3.1 Arbitrary matroids, correlated distributions. In this section, we prove an upper bound on the
competitive ratio of the M-TRADING PROPHET PROBLEM.

THEOREM 3.1. (RESTATED THEOREM [1.4]) Let M be an arbitrary matroid and d be the density of M. Then

there does mot exist an algorithm for M-TRADING PROPHET PROBLEM whose competitive ratio is greater than
1
T+d-

Proof. Using Lemma Lemma it is sufficient to construct an instance which forces
1
Eftopy (n—X)] < 11 d “Eftop, (X'~ X)].

Since the density of M is d, there exists a subset E’ of the ground set E of M such that % =d. In our

instance, the weights of all elements in the set E'\ E’ are zero with probability 1. Consequently, our analysis can
be focused on the restriction of M to the set E'. Let k = |E’| and r = rk(E’), which implies d = ¥/r.
Let € be an arbitrarily small positive constant. Consider the instance in which X is distributed as follows,

(0,07'“,0) W.p. 176,
1 1 1 ke?
(5o WP e
X:(Xl,XQ,...,Xk): (8%70770) W.p. 1_7_?7
2
(0,...,0, %) wp. 1.
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Note that ;1 = E[X] = (0,...,0). Recall that X’ and X are independent and identically distributed. Let £ be
the event where X’ takes the value (0,...,0) and &£ be the event where X takes the value (0,...,0). Notice that
the events £ and £’ are independent. The per-time-stamp expected profit of the optimal offline algorithm is

E[top (X' = X)] = E[top (X' — X)[€]- P[] + E [top v (X' — X)[E] - P[]
_ L ke (1—5)+Z-(e e )-(1—5)

2 1+ke 1+ ke
k ke
=(1- 1—¢)(1- .
( 5)1+k€+r( E)< 1+k5>

And therefore, lim. o E [top (X' — X)] > k + .

Let & be the event where X takes the value (f%, ey f%) Except for the event &, the coordinates of X are
non-negative, therefore the weight of the maximum weight independent set with respect to the weight function
@ — X = —X is 0. Thus, the per-time-stamp expected profit of the optimal offline algorithm is

E [top,, (1t — X)] =E[top, (—X)]
= E[top (—X)[&1] - Pl&1]

o . ke?
e 1+ ke

and therefore, lim._,o E [top,, (1 — X)] = 1.
It follows that

 Blopu(ui-X)) _ 1 _ 1
0 E[topy (X' —X)] ~ k+r d+1’

as required. 0

COROLLARY 3.1. (TO THEOREM [3.1)) There does not exist an algorithm for (k,¢)-TRADING PROPHET PROBLEM

whose competitive ratio is greater than -

Proof. Follows from applying Theorem to the fl-uniform matroid over the set of k£ stocks and using
Observation 211 0

3.2 Uniform matroids, independent distributions. In this section, we prove an upper bound on the
competitive ratio of the (k,¢,¢')-TRADING PROPHET PROBLEM.

THEOREM 3.2. (RESTATED THEOREM |1.2)) For every k, ¢ and (', there exists an independently distributed
instance of the (k,{,¢')-TRADING PROPHET PROBLEM (i.e., one in which stock prices at any given time are
independent) for which no algorithm can achieve a competitive ratio greater than min {%, %}

Proof. Using Corollary Corollary it is sufficient to construct an instance which forces

17
E [top, (1 — X)] < min {2, k} -E[top, (X' — X)].
To force the upper bound of ¢/k on the competitive ratio, consider the instance in which each X is distributed
as follows,
X, = {? w.p. 1 —¢,
z w.p. &,

where ¢ is an arbitrarily small positive constant. Recall that each X/ is identically distributed as X;. Let £ be the
event that there exists a unique s* € [k] such that X. takes the value %7 and the other 2k — 1 random variables
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X, and X! take value 0. Thus, the per-time-stamp expected profit of the optimal offline algorithm is
E [topy (X' — X)] > E [top,, (X' — X)| €] - P[€]
1
= ke(1 —e)?k 1 = k(1 — )21,

In this instance, for every s € [k], us = E[X ] = 1. Therefore, the per-time-stamp expected profit of the
optimal online algorithm is

E[top, (1 — X)] = E[top, (1 — X)] < E[top, (1)] = ¢,

where 1 is the all ones vector. The above inequality holds because each X is non-negative with probability one.
It follows that

E[top, (n = X)| _ ¢

E[top, (X' = X)] = k(1 —e)* 1’

which approaches ¥/k as € approaches 0.
To force the upper bound of 1/2 on the competitive ratio, consider the instance in which each X is distributed

as follows,
-1 w.p. €,
Xs=140 w.p. 1 —2¢,
1 w.p. €,
where ¢ is an arbitrarily small positive constant. Each X! is distributed identically as X;. Let & be the event
where exactly one X takes the Value —g and all other 2k — 1 random variables are 0. Let £ be the event where
exactly one X/ takes the value 1 and all other 2k — 1 random variables are 0. Notice that the events £ and &’
are disjoint, and therefore, P[€ ¥ &' =PE] + P[E'] = ke(1 — 2)? 71 + ke(1 — 26)%F~1 = 2ke(1 — 2¢)?*~L. The

per-time-stamp expected profit of the optimal online algorithm is
E [top, (X' — X)] > E[top, (X' — X)|(EUEN]-PEUE
1
= = 2ke(1 — 22)*71 = 2k(1 — 2¢)%F L.
€
Let & be the event where exactly one X, takes the value —% and all other £ —1 coordinates of X are 0. Let &
be the event where all X/ are 0. Notice that the events & and & are disjoint. Here P[&;] = ke(1 — 2¢)%¢~1 < ke
and P[~(& U &1)] < (§) - €2 by union bound.

In this instance, for every s € [k], us = E[X ] = 0. Therefore, the per-time-stamp expected profit of the optimal
online algorithm is

E [top, (1 — X)] = E[top, (—X)]
= E [top, (—X) |&o] - P[&o] + E [top, (—X) [&1] - P[&1]
+E[top, (—X) [=(E U&L)] - P[=(E U &)

1 1 k
go.mgow.kgﬂa[topf <>]( ) 2
"\ ¢ 5 2
I (k 9 k
_k;—&—g- (2)-8 —k+le-<2>,

where the inequality holds because each X, > —é with probability one. It follows that

™ | =

Eftop, (p—X)] _ ktle- (3)
E [top, (X’ — X)] ~ 2k(1 — 2¢)2k—1’

which approaches 1/2 as e approaches 0. 0
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4 Algorithmic Results

For analysis, we consider a subclass of instances called zero-expectation instances and argue that it is sufficient
to prove a competitiveness guarantee of Algorithm on such zero-expectation instances.

DEFINITION 4.1. (ZERO-EXPECTATION INSTANCE) An instance of the M-TRADING PROPHET PROBLEM with
joint distribution D is called a zero-expectation instance if Exp[X] =0, where 0 = (0,...,0).

PROPOSITION 4.1. If Algorithm[2.3 is a-competitive on zero-expectation instances, then it is a-competitive on all
imstances.

Proof. Given an arbitrary instance with joint CDFE| F : RF — [0, 1], construct the instance with joint CDF
G defined as, for all z € R¥, G(x) = F(z + u), where u = (uy,...,ux) € R¥ is the vector of expectations of
random variables whose joint CDF is F. Recall that the joint CDFs of X, X’ are both F. Define Y = X — 1 and
Y' = X' —p, so that X' — X =Y’ —Y. Observe that the joint CDF of Y and Y’ is G, and their expectation is
0. Thus, the constructed instance is a zero-expectation instance.
Since
top g (X' = X) =top (Y =Y),

the per-time-stamp profits of the offline optimal algorithm are the same on both the given and the constructed
instance with probability one. Similarly, since

top g (1 — X) =top, (—Y) =top,, (EY] -Y),

the per-time-stamp profits of Algorithm [2.2] are the same on both the given and the constructed instance with
probability one. Thus, if Algorithm is a-competitive on the constructed zero-expectation instance, it is
a-competitive on the given instance. ]

As a consequence of the above proposition, the task of getting a competitive guarantee on arbitrary instances
reduces to getting a competitive guarantee on zero-expectation instances. Therefore, we assume henceforward
that the instance given to Algorithm 2:2]is a zero expectation instance.

4.1 Arbitrary matroids, correlated distributions. In this section, we prove the competitive bound for the
M-TRADING PROPHET PROBLEM. We first prove a result that quantifies the following intuitive arguments: if
the matroid is dense then most of its elements are present in a maximum weight independent set, and therefore,
its weight is close to the initial weight of all the elements of the matroid.

LEMMA 4.1. Let M be a loopless matroid of density d on the ground set E, and let w : E — RT be a weight
function, then the following inequality holds,

Zwe <d-top,(w).

eclE
Proof. Let ey, ..., e, be the elements of F in non-increasing order of their weights. Let w,,,, = 0. The summation
of weights can be written as,
n n
Z We = Zwei = Zl ’ (wei - w€i+1)’
ecE i=1 i=1

By applying the definition of density to the set {e1,...,e;}, we get e; < d-rk({e1,...,€:}),
n n
Zwei < erk({el, oy €i}) s (We, — We, ;)
i=1 i=1

= dz (rk({e1,...,ei}) —rk({e1,...,e;i_1})) - we,,
i=1

4The joint CDF of a vector (X1, ..., X}) of random variables is the function F given by, F(x1,...,zx) = P[X1 < 21A---AXE < 3]
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where the notation {ey, ..., 9} denotes the empty set — whose rank is zero. The possible values of rk({ey,...,e;})—
rk({e1,...,e;—1}) are 1 and 0, because the sets differ by just one element, namely e;. If e; is picked by
Kruskal’s algorithm in the maximum weight independent set, then e; is not spanned by {es,...,e;_1}, resulting in
rk({e1,...,e;}) —rk({e1,...,e;—1}) = 1. Conversely, if Kruskal’s algorithm does not pick e;, then it means that
e; is spanned by {e1,...,e;_1}, resulting in rk({e,...,e;}) — rk({e1,...,e;—1}) = 0. Since Kruskal’s algorithm
is guaranteed to find a maximum weight independent set, we have,

> (ex(fer, ... ei}) —rk({er, ... ei1}) - we, = topp,(w),

i=1

and therefore,
n

3 we, < d-toppq(w),

=1

as required. 0

Consider two arbitrary weight assignments, z and z’, to the elements of a matroid M. We next prove a
helpful upper bound on top (2’ — ).

LEMMA 4.2. Let M be an arbitrary matroid over [k] with density d. Then for every z,x’ € R¥, the following

inequality holds
k

top (2 — ) < top,(— —|—Zm +d-top,(—a').
i=1

Proof. Let Z be the maximum weight independent set with respect to the weight function (' — ). Then

topp (' —a) =D (wf—wi) =Y af+ Y (—2;) <Y @)+ top(—x).

1€EZ i€EZ 1€EZ 1€EZ

Here, Y0, c, 2 <Y, (xp)T < Zz 1(@h)*. Observe that every real number y can be written as y = y* — (—y)*,
and therefore, Zf (@)t can be written as YF_ o} + 2 | (—/)*. Thus, we get,

topM(x’—z)StopM(—m)—FZx’i—FZ( T <topuy(— +Zx +d - top,(—2'),

i=1 i=1 i=1
where the last inequality follows from Lemma O

Having gathered all the necessary prerequisites, we are now prepared to present Theorem which ensures
the desired competitive ratio.

THEOREM 4.1. (RESTATED THEOREM [1.5|) For every matroid M, Algom'thm 18
the density of M.

1 aq e .
g -competitive, where d is

Proof. Recall from Lemma 2.1 and Lemma [2.2] that it suffices to prove
E[top (X' = X)] < (d+ 1) E[top, (—X)].

By Lemma [£.2] the following holds with probability one:

k

top (X' — X) < top (—X) +ZX{ +d - top, (—X').
i=1

Taking expectations on both sides, we get,

E [top v (X' — X)] < E[top,(— +ZE 1 +d-E[top,,(—X")].
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Observe that E[top ,, (—X)] = E[top , (—X’)] because X and X" are identically distributed. Since we are working
with zero-expectation instances, E[X/] = 0 for every i. Therefore, we get,

E[topy (X' = X)] < (d+ 1) E[top,, (—X)],
as required. 0

COROLLARY 4.1. (TO THEOREM |.1)) For every k andl, Algom'thm is k%_@—competitive for the (k,¢)-TRADING
PROPHET PROBLEM.

Proof. Follows from applying Theorem [41] to the f-uniform matroid over the set of k stocks and using
Observation 211 O

4.2 Uniform matroids, independent distributions. In this section, we will prove that our algorithm
for the (k,¢,¢)-TRADING PROPHET PROBLEM has a competitive ratio of min {3, £}. We start by bounding
E [top, (X' — X)], the per-time-stamp expected profit of the offline optimal algorithm in Lemma given below.

LEMMA 4.3. For every zero-expectation instance,

E [top, (X' — X)] < /OOO (22[[1)[—Xs > ] — % Z P[-X; > z|P[- Xy > m}) dzx.

s<s’

Proof. From the definition of the top,, function, we have,

k
Z(X; - Xs)+]

s=1

k )
Z/ ]l[X;>x>Xs]dx],
s=1Y —>

where 1[-] denotes the indicator function. By linearity of expectation and the fact that the expectation of the
indicator of an event is the probability of the event, we have,

E [top, (X' — X)] < Z ( /

E[top, (X' - X)| <E

=E

k

PN 202 Xdo) =30 ([ PIXS 2 0l PLX, < alar).

— 00

o0

> s=1

where the first equality holds because X and X are independent. Since X and X! are identically distributed,

we have,
E [top, (X' — X)] < i < [ O:O PIX, > 2] P[X, < 1] dx)
- zk: (/_OOOIP[XS > 2 P[X, < x]dx—i—/oooIP’[Xs > 2 P[X, < x}dx)
(4.1) < zk: </OOO (1—P[X, < ]) PIX, < o] dz + /OOO PIX, > ] dx) .

S

Since we are given a zero-expectation instance, we have for all s € [k],

oo 0
0=p= [ BX.zalds- [ PIX, <alan
0

and thus,
00 0
/ PXs > z]dx = / P[X; < z]da.
0

—0o0
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Substituting in Equation (4.1]), we have,

o

E [top, (X' — X)) SZ(/ (1 - P[X, Sx])P[ngx]d:L‘—&—/ ]P’[ngsc]dx)

s— —o0

(4.2) = / > (2PLX, < 2] - PIX, < 2]?) da.

Now, we have

0< S P, <a]—PXy <a)?’=(h-1) Y PX,<a2-2 3 PIX, <a] P[X, <al,

1<s<s’'<k s€k] 1<s<s’'<k
and thus,
2
Y PIX,<2P>—— Y PX,<a] -PXy<a]
k—1
selk] 1<s<s'<k

Substituting in Equation (4.2)), we get,

0
Efrop, (X' - X)) < [ <2ZP[XS <ol - 5y YOPIX, < alPlX < x1> o
= /°° <QZP[XS < —x]— % Z PIX, < —z|P[Xy < —x]) dx
0 s o s<s’
= /Oo <ZZ]P’[—XS > z] — % > Pl-X, > a]P[- Xy > x]) dz,
0 s o s<s’

as required. 0

In Algorithm [4.4] we derive an expression for E[top, (1 — X)], the pre-time-stamp expected profit of the
online Algorithm [2.2] when the stock prices at any given time are independent.

LEMMA 4.4. For every independently distributed zero-expectation instance, the following equality holds:
E [top, (1 — X)] = / > min{|S], ¢} (H P[-X, > x]> . (H (1—-P[-Xy > x})> dz.
0 sClk) seS s'¢S
Proof. In a zero-expectation instance, we have s = 0 for all s € [k]. Therefore, we have,
E [top, (1 — X)] = E [top, (=X)].

Define random variables My, ..., My as follows: M; is the i’th largest value in the multi-set {—X; | s € [k]} if this
value is positive, and 0 otherwise. Observe that top, (—X) = Zle M;. Therefore,

L ¢ ) - o
;lezE[Mz];/o ]P[Mizx]dx:/o ;P[Min]dx,

Eltop, (-X)] =E

where the second equality holds by linearity of expectation, and the third one holds because M; is non-negative
with probability one. Using the fact that the probability of an event is the expectation of its indicator, we get,

oo ¢ ) ’
(4.3) E [top, (—X)] = /0 ZIE [1[M; > z]] de = /0 E lz 1[M; > x]] dx,
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where the second equality holds by linearity of expectation. For z € R, let the set-valued random variable S(z)
be defined as S(z) = {s € [k] | =X > z}. Since X,’s are independent, we have that for every S C [k],

Pr[S(z) = 5] = <H P[-X, > x]) . (H (1-P-X, > x})> .

s€S s'¢S
Conditioned on the event S(x) = S, the event M; > x happens if and only if |S| > 4, and hence,
Zle 1[M; > x] = min{|S|,¢} with probability one. Using this fact and the expression for Pr[S(z) = S] in
Equation (4.3)), we get,

E [top, (— / Z [Z]l [M; > z]|S(x) = S| - Pr[S(x) = S]dx
SCIk] i=1
/ > min{[S], ¢} (H]P’ -X, >x> : (H (1-P[-Xg Zx])) d,
SCIK] seS s'¢S

as required. ]

Next, we derive an inequality that will be used to relate E[top, (X' —X)] and E[top,(p— X)] in
Theorem [L.3

LEMMA 4.5. For every k, £ and {a;}ic € [0, 1]%, the following inequality holds:

max{2,]Z}- Z min{|S|, £} Has H (I—ag) | >|2 Z as — —— Z sy

-1
SClk] seS  s'¢S s€k] s,s'€lk], s<s’

Proof. Define f:[0,1]* — R as

flay,... ax) :max{Q,IZ}- Z min{|S|, ¢} Hag H 1—ay)

SC[k] s€S  s'¢S
E g — E AsQgr
s€[k] s,s'€lk], s<s’

We need to prove that f is non-negative on [0,1]". Since f is multilinear in aq,...,ag, it is sufficient to prove
that f is non-negative on the corners of its domain [0,1]", that is, f(ai,...,ax) > 0 for all (ai,...,ax) € {0,1}*
(see Corollary 2.3 of [Laneve et al.| [2010]).

Consider an arbitrary (ay,...,ax) € {0,1}*. Let 2 be the number of a4’s are 1 so that k — 2 is the number
of the ag’s are 0. Thus z € {0,...,k}. Also,

B k . 2 z\ k ) z(z—1)
f(al,...,ak)—max{lé} min{z, ¢} 22—|—m (2>—max{2,£} min{z, ¢} — 2z + PSR

If z </, then

If 2 > ¢, then

flag,...;ax) = max{ IZ} {— 22+ (]4;:11)2 Z(z—l):k_w.

{— 22+ p— —

k|
‘

It is easy to check that the function z — k—2(2k —2—1)/(k—1)is 0 at z = k and z = k — 1, and is decreasing
in [0,k—1]. Thus k—2(2k—2z—1)/(k—1) > 0 for all z € [k], which implies f(a1,...,ax) > 0, as required. 0
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Having gathered all the necessary prerequisites, we are now prepared to present Theorem which ensures the
desired competitive ratio.

THEOREM 4.2. (RESTATED THEOREM [1.3|) For every k, £, and ¢', Algorithm . s a Inln{27 k} competitive
algorithm for the (k, £, ¢')-TRADING PROPHET PROBLEM when the stock prices at any giwven time are independent.

Proof. In Lemma we obtained the following upper bound on the pre-time-stamp expected profit of offline
algorithm:

E [top, (X' — X)] / (221@ % > Pl-X, > 2]P[- Xy > a:]) dz.

In Lemma [£:4] we obtained the following expression for the per-time-stamp expected profit of Algorithm 2.2}

E [top, (1 — X)] / Z min{|S|, £} <HIP’ -X, > :L') : <H (1-P-Xs > :L'])) dz.

SC[k] ses s'¢S

For an arbitrary x > 0, using Lemma {4.5| with ay = P[—X, > z] for all s € [k], we get,

max{Q,’;}. > min{|S], ¢} (H P[-X, > x]) - (H (1-P-X, > x]))

SCIk] seS s'¢S

>2) P[-X, >x——ZIP —X, > 2]P[- X, > z].

s<s’

Integrating both sides of the above inequality with respect to = from 0 to oo, the left-hand-side is max {2, %}
times E [top, (u — X)], and the right-hand-side is the upper bound on E [top,, (X’ — X)]. Therefore, we get,

maX{Q,];} -E[top, (1 — X)] > E[top, (X' — X)].

Thus, Algorithm is min { 3 % } -competitive. 0

5 Concluding Remarks

We formulated generalizations of the trading prophet problem [Correa et all [2023], which we call the (k,¢,¢')-
TRADING PROPHET PROBLEM and M-TRADING PROPHET PROBLEM, wherein multiple stocks can be bought
and sold at a time. In the (k,f,é’)—TRADING PROPHET PROBLEM on independently distributed instances, we
showed that the competitive ratio is min { > k}

In the M-TRADING PROPHET PROBLEM, we proved a tight bound of d on the competitive ratio, where d
is the density of the matroid. This result holds even if the stock prices at any given time are arbitrarily correlated.
While our analysis assumes that the stock prices at different times are independent, it is reasonably easy to verify
that our results continue to hold even under the assumption that stock prices at different times are only pairwise
independent.

We achieved significant simplification of, and generalizations over the results of |Correa et al.| [2023] using the
following observations. First, any algorithm can be simulated by one that sells all held stocks before buying an
appropriate subset of stocks. Second, the analysis of the general problem reduces to one where the expected price
of every stock is zero.

We believe that the trading prophet under more general constraints, e.g. matchings or intersections of matroid
constraints, would be an interesting setting for future investigation.
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